In a previous paper f the writer studied expansions in series of polynomials of a function f(z) analytic in a limited simply connected region G where f(z) is known either to be bounded in G or such that the double integral over G of the pth power (p>0) of the modulus oîf(z) exists. J The present note contains an extension of each of the two theorems obtained in the earlier paper. The extended theorems now read as follows.
THEOREM A. Let G be a limited simply connected region of the z plane. Then in order that corresponding to every function f(z) analytic and bounded in G there shall exist a sequence of polynomials {pn{z)\ which converge to f(z) in G as n-><x> and at the same time such that
it is necessary and sufficient that the boundary of G be also the boundary of an infinite region.
THEOREM B. In the z plane let G be a limited simply connected region whose boundary is also the boundary of an infinite region. Letf{z) be analytic in G and such that [October,
It will be noticed that in the first of these theorems we no longer say that there exist polynomials {p n (z)} which converge to f(z) continuously in G, but merely that there exist polynomials \pn(z)} which converge to/(s) in G. For if polynomials {pn(z)\ converge to f(z) in G so that (1) holds, these polynomials are uniformly bounded in G and thus form in G a normal family of analytic functions from which can be chosen a subsequence converging tof(z) continuously in G. Hence, whenever there exists a sequence \p n (z)} converging tof(z) in G so that (1) holds, there exists also a sequence which fulfills (1) and converges to f(z) continuously in G. It will be seen too that in the second theorem we no longer say that there exist polynomials {pn(z)} which converge tof(z) continuously in G and for which (3) holds, but merely that there exist polynomials {p n (z)} for which (3) holds. This is because we have since found in the literature a lemma by Walsh* giving assurance that if (3) holds, the polynomials {p n (z)} do converge to f(z) continuously in G, so that specific mention of the convergence may be omitted.
The proof of Theorems A and B requires only a slight modification of the proof of the two corresponding theorems in the previous paper. This modification is brought about by observing that if G is any limited simply connected region whose boundary also bounds an infinite region, then there exists a sequence of regions {G n }, each of which is a Jordan region lying interior to its predecessor and which are all such that the sequence {G n } converges to G as kernel, f If we use such a sequence of regions {G n }, the proofs of Theorems 1 and 2 of the previous paper apply to Theorems A and B, respectively, of the present note. It is to be remarked, however, that uniform approximation to f n (z) or F n (z) in G by a polynomial with arbitrarily small error does not now follow directly from the theorem of Walsh that was * Transactions of this Society, vol. 33 (1931) used before, but does follow indirectly from it, since f n (z) or F n (z), being analytic in the closed Jordan region G"+i, can be uniformly approximated with arbitrarily small error in G n +i by a polynomial, and hence can be so approximated in G. Indeed, Runge's classical theorem on polynomial approximation could be applied here and for that matter could have been used in the previous paper. For the closed region G is interior to every region G n and hence the function f n (z) or F n (z) can be approximated as closely as desired in G by a polynomial in z.
The proof of Theorem B and the proof of the sufficiency of the condition of Theorem A are the same from this point on as for the corresponding theorems in the earlier paper. And the proof of the necessity of the condition of Theorem A is also contained there in §5 as "A Remark on Theorem 1."
The writer hopes in a forthcoming paper to be able to determine the most general type of limited simply connected region to which Theorem B can be extended. That this theorem does not hold for an arbitrary finite simply connected region is shown by the following simple example.
Let G be taken as the region bounded by the two circles \z\ =a, \z\ =b, b>a, and by the line segment a^z^b. Let f(z) = l/z. Denote by Q the doubly connected region bounded by the two circles. If now there existed a positive number p together with a sequence of polynomials {p n (%)} such that
Consequently the polynomials {p n (z)} would converge* to 1/z in Q and the convergence would be uniform on any closed point set lying in Q, say on a circle \z\ =c, a<c<b. Hence, the polynomials {pn{z)} would converge uniformly on and within the circle \z\ =ctoa limit function analytic within this circle. But such a function could not be equal to 1/z in the ring region between the circles | z\ =a and \z\ = c. The main feature of this example is the use of the lemma of Walsh whereby we know that if in a finite region R we have a sequence of polynomials {p n (z)} for which
where ƒ (z) is a given function analytic in R, then the polynomials {pn(z)} converge tof(z) continuously in R. The converse is not always true, as was shown by an example in §4 of our previous paper. There is, however, a qualified form of converse which does hold for an arbitrary limited region and for an arbitrary function analytic therein. We may state this result as follows. The proof of this theorem is already contained in the latter part of the proof of Theorem 2 in our previous paper.
THEOREM C. Let R be a limited region of the z plane, and let f(z) be analytic in R and such that
We close this note with a result closely connected with Theorem A. The proof of this theorem is much the same as for Theorem A taken together with the remark of §5 in the earlier paper and is therefore omitted.
The conclusion of Theorem D simply means of course that f{z) shall be analytically extensible throughout T. 
